We consider a linear sigma model describing 2N 2 f bosons (σ, a0, η and π) as an approximate effective theory for a SU (3) local gauge theory with N f Dirac fermions in the fundamental representation. The model has a renormalizable U (N f )L U (N f )R invariant part, which has an approximate O(2N 2 f ) symmetry, and two additional terms, one describing the effects of a SU (N f )V invariant mass term and the other the effects of the axial anomaly. We calculate the spectrum for arbitrary N f . Using preliminary and published lattice results from the LatKMI collaboration, we found combinations of the masses that vary slowly with the explicit chiral symmetry breaking and N f . This suggests that the anomaly term plays a leading role in the mass spectrum and that simple formulas such as M 2 σ (2/N f − Cσ)M 2 η should apply in the chiral limit. Lattice measurements of M 2 η and of approximate constants such as Cσ could help locating the boundary of the conformal window. We show that our calculation can be adapted for arbitrary representations of the gauge group and in particular to the minimal model with two sextets, where similar patterns are likely to apply.
I. INTRODUCTION
The linear version of the sigma models introduced by Gell-Mann and Levy [1] has played an influential role [2] in the establishment of the standard model. In today's usage [3, 4] , the nonlinear versions not involving the σ-particle (f 0 (500)) are favored in quantum chromodynamics (QCD) based low-energy calculations. However, when dealing with the explicit breaking of the axial U (1) A symmetry, linear models are used to describe the η [5] [6] [7] [8] . In addition to the η and π, the linear models involve the σ and the a 0 (0 + isovectors, a 0 (980)). In QCD, the σ and the a 0 are correctly considered as "heavy" particles compared to the "light" pions which -unlike their 0 + counterparts -become massless in the chiral limit. However if enough light flavors are added, the separation between light and heavy changes, and the possibility of having a light σ is quite attractive from the low energy point of view.
The spectrum of multiflavor gauge theories has been vigorously investigated in the context of finding hypothetical strongly interacting particles responsible for the formation of the Brout-Englert-Higgs particle and the electroweak symmetry breaking. For recent reviews of the physics motivations and the literature on this subject, we recommend Refs. [9] [10] [11] . The estimation of the mass of flavor singlets using lattice simulations involves disconnected diagrams and is computationally expensive. There are only a few available results. For instance, the estimation of the η in QCD has only be achieved recently [12] [13] [14] . Similarly, there are only few results available in the multiflavor case.
Recently, light σ masses were found for SU (3) gauge theories with 8 [15] [16] [17] [18] and 12 [17, 19] fundamental flavors and also for 2 sextets [20] . In addition, preliminary results [21, 22] concerning the mass of the η were announced at recent conferences. With this information, we would like to investigate the possibility that the explicit breaking of the axial U (1) A symmetry, which depends in a distinct way on N f , plays an important role in the determination of the spectrum and the boundary of the conformal window where a nontrivial infrared fixed point is present [23] [24] [25] . As the models mentioned above have a low energy behavior significantly different from QCD, it is very desirable from the point of view of model building to have a simple effective description of this behavior.
In this paper, we consider a generalization of the models discussed for N f = 2 [7] , and N f = 3 [5, 6, 8] in the context of QCD. This is a linear sigma model describing 2N 2 f bosons (σ, a 0 , η and π), using the QCD terminology. We will use it here as an approximate effective theory for a SU (3) local gauge theory with N f Dirac fermions in the fundamental representation. The Lagrangian has a renormalizable U (N f ) L U (N f ) R invariant part and two additional terms, one representing a SU (N f ) V invariant mass term and the other the axial anomaly.
A SU (N f ) V -invariant effective theory for pions is discussed in [26] for arbitrary N f . There has been a recent interest to include the σ in dilatonic effective theories [27] [28] [29] . We would like to briefly motivate the inclusion of the "complex partners" the η and a 0 . In the case of N f =2, the term that we use to describe the axial anomaly effect is simply a mass term with alternate signs:
The N f = 2 model was used by 't Hooft [7] to explain the role that the instantons play in the spectrum because if we replace the effective bosonic degrees of freedom in (1) by their quark content (a 0 ∼ψτ ψ etc ..), we recognize a term of the 't Hooft determinant [30] . In the following, we discuss the generalization for an arbitrary number of flavors N f . As we will see, the axial anomaly term is essential to get a light σ. The linear sigma model is presented in Sec. II. The tree level spectrum is calculated for arbitrary N f in Sec. III. In Sec. IV, we introduce dimensionless quantities involving the masses. Preliminary [22] and published [17] lattice results, indicate that they vary slowly with the explicit chiral symmetry breaking and N f . This provides approximate mass formulas that, if properly refined by future lattice calculations may help identify instabilities for large enough N f and pinpoint the boundary of the conformal window. In Sec. V we show how to extend our results for fermions in an arbitrary representation of the gauge group. In the conclusions, we discuss the relevance of the results for future lattice calculations.
II. THE MODEL
Following Refs. [5] [6] [7] [8] , we consider a N f × N f matrix of effective fields φ ij having the same quantum numbers asψ Rj ψ Li with the summation over the color indices implicit. Under a general transformation of
We now use a basis of
to express φ in terms of N 2 f scalars (0
with a summation over α = 0, 1, . . . N 2 f − 1. We use the convention that Γ 0 = 1/ 2N f while the remaining N 2 f − 1 matrices are traceless. We introduce the diagonal subgroup (4) and (2) we see that under U (N f ) V , S 0 and P 0 are singlets denoted σ and η respectively while the remaining components transform like the adjoint representation and are denoted a 0 and π respectively.
We consider the effective Lagrangian
with the potential split into three parts
that we now proceed to define and discuss. The first term is the most general
The use of λ σ − λ a0 will become clear when we write the mass formulas. The stability of V 0 is discussed in Sec. IV. Note that first two terms and the kinetic term have a larger group of symmetry O(2N 2 f ). The second term
It takes into account the effect of the axial anomaly for the fundamental representation. The generalization to arbitrary representations is discussed in Sec. V. The prefactor 2(2N f ) N f /2−2 is chosen in order to make the expression of the spectrum as simple as possible. The parameter X has a mass dimension 4 − N f . Related effective descriptions of the breaking of the U (1) A can be found in the literature [31] [32] [33] [34] .
Finally the third term represent the effect of mass term which is the same for the N f flavors:
It is invariant under SU (N ) V .
In the following, we assume that chiral symmetry is spontaneously broken by a SU (N f )-invariant vacuum expectation value (v.e.v.):
This amounts to say that σ = v while the other v.e.v.s are zero. We impose that
Thanks to the simple form of the v.e.v.s in Eq. (10), these N 2 f equations reduce to a single one:
III. THE SPECTRUM
We can now calculate the tree level spectrum. The normalization (3) implies that the kinetic term in Eq. (5) is canonical:
The mass of the fields are then obtained as the second derivatives in an obvious way (as for free Klein-Gordon fields). In addition, the unbroken SU (N f ) V symmetry simplifies the formulas which can be expressed in terms of 4 masses:
By convention, in the 4 above equations, the latin indices run from 1 to N 2 f −1 (isovector indices in the N f = 2 language). The notation M 2 σ does not mean that this quantity is automatically positive. A negative value could indicate an instability. Since φ is proportional to the identity, the second derivatives can be easily calculated at the assumed v.e.v.s. For instance, the derivative of the determinant involves the inverse which can then be easily evaluated. This would not be the case, for an arbitrary breaking where we would need to use f and d symbols [8] . For the pions, we have:
Using the minimization condition (12) , this can be recast in the form
In other words in absence of the explicit mass breaking (b = 0), we have the familiar result M 2 π v = 0 and v = 0 implies that in this chiral limit, the pions are exactly massless Nambu Goldstone bosons. The v.e.v. v is related to the pion decay constant in the following way:
This result can be obtained by considering an U (N f ) A transformation:
and showing that the Noether current satisfies the PCAC relation
We used the convention that
The other results for the spectrum can be written in a compact way:
One can check that these results agree with the corresponding results [8] for N f = 3 in the SU (3) V limit. In the chiral limit (b = 0), Eqs. (21) reduce to
The sign of the interaction in the anomaly term V a has been chosen in such a way that M 2 η ≥ M 2 π as in QCD. This feature persists in more general situations. This implies that for N f ≥ 3 the mass of the σ has two contributions of opposite sign. In order to have M σ M π , the two contributions should either be small separately or cancel each other. We will see that the second possibility seems to be realized in a certain number of situations.
Notice that if b, λ a0 and X are set to zero, M η = M a0 = 0 and the η and a 0 could be interpreted as N 2 f additional Nambu-Goldstone bosons. This is because in this limit, the effective Lagrangian has an O(2N In the next section, we explain that: 1) it is legitimate to consider the λ a0 v 2 contribution as small, 2) the M 2 η is a significant contribution partially suppressed by the 1/N f factor in the M 2 a0 formula. In that sense, it seems legitimate to treat the a 0 as light particles in some region of the (m f ,N f ) plane. We should add that the chiral limit obtained from a linear fit of the data for M a0 (see Fig.  28 of Ref. [17] ) gives a value significantly smaller than masses quoted with a finite m f . For instance, at am f = 0.03, we have aM a0 0.46, while the chiral extrapolation is aM a0 0.16. In other words the slope in the aM a0 versus am f graph is rather large (about 10).
IV. DIMENSIONLESS RATIOS
In order to allow comparisons of numerical results at different lattice spacings, we introduce the dimensionless ratios:
and
We want to test the idea that these quantities vary slowly with the explicit breaking of chiral symmetry (due to the mass of the fermions m f ) and N f . If it is the case, the mass formulas have simple approximate form which could provide a nice intuitive picture. To make things completely clear, the ratios should be understood as functions of the spectroscopic data, namely
Using the preliminary results presented at Lattice 2017 [22] and the published results of Ref. [17] we obtained Fig. 1 . As explained in the Appendix, these results have been obtained by using the largest volume available for each mass. The error bars do not take into account the finite volume effects and could be significantly larger if we had taken them into account. Nevertheless, Fig. 1 is consistent with the idea of slowly varying ratios. We propose the order of magnitude estimates:
and where the δ(m f , N f ) describe slow variations that need to be studied carefully in the future. The spectroscopic data is often given in terms of m f in lattice spacing units, but we could as well parametrize the residuals in terms of another symmetry breaking parameter for instance M 2 π . Another possibility is to use the dimensionless ratio M π /M η which does not involve the lattice spacing and may be more suitable to compare results at different N f . This is done in Fig. 2 . Fig. 1 shows that for small m f , we have negative values of R a0 . Can λ a0 be negative? The stability of the effective potential requires that V 0 defined in (7) stays positive for large values of the field φ. Using the symme-
† φ is then a diagonal matrix with positive diagonal terms |α i | 2 and the sum of the two quartic terms of V 0 will remain positive when λ a0 = −|λ a0 | is negative provided that
This inequality should remain valid for any choice of α i . Considering the case where only one |α i | becomes arbitrarily large, we get the requirement.
Using the inequality
we see that the requirement (29) is also a sufficient condition in general. Using the estimates of Eqs. (26) and (27) in the chiral limit, we obtain the simple approximate picture:
The stability bound M 2 σ ≥ 0 could provide an estimate of N f c . The idea of having R a0 < 0 is attractive because it implies additional stability bounds on N f coming from M 2 a0 ≥ 0. For instance, if we use the rough chiral limit estimates R σ ≈ 0.8 and R a0 ≈ −0.2, suggested by Fig. 1 , we obtain the same N f c ≈ 10 from (31) with δ σ (0, N f ) = 0.1, and (32) with δ a0 (0, N f ) = −0.1, respectively. In addition, the stability bound of Eq. (29) implies
With our chiral limit estimates this corresponds to N f c ≈ 5. These numbers should not be taken too seriously. They are just meant to illustrate the fact that a careful study of the residuals δ(m f , N f ) might help to pinpoint the boundary of the conformal window. Fig. 1 suggests that we could try to find functional relations that are approximately N f -independent, at least for sufficiently massive theories. For the common mass am f = 0.04, the ratios are almost identical despite significantly different meson masses (see Table I in the Appendix). Results at smaller am f would be interesting to see if the chiral limits are very different for N f = 12 and N f = 8, as expected if they are on opposite sides of the conformal window. Since am f depend explicitly on the lattice spacing a, we have also plotted the ratios versus the dimensionless ratio M π /M η in Fig. 2 . This may be a better way to proceed with the functional relations idea. We also have one data point available [22] for N f = 4 at much smaller volume and am f = 0.01 providing R σ ∼ 0.55 which is close to 0.7. More data for this case as well as N f = 6 and 10 would be very desirable to study the residual functions δ.
V. MODIFICATION FOR HIGHER REPRESENTATIONS
If the microscopic theory is defined by fermions in higher dimensional representations, for instance SU (3) sextets (the twice symmetric representation), we need to modify the axial anomaly term as can be generalized by changing
into the equations for the fundamental representation derived above. For M 2 η and M 2 σ , in addition of this substitution we need to add a term (K − 1)X with a positive sign for η and a negative sign for σ. In the "minimal" case of N f = 2 SU (3) sextets studied in Refs. [20, [36] [37] [38] [39] :
Again we see that the M 
Calculating M 2 η for this model would be quite interesting.
VI. CONCLUSIONS
In summary, we have adapted a linear sigma model used in the context of the study of the QCD axial anomaly, to an arbitrary number N f of equal mass fermions. Eqs. (21) provide simple formulas for the tree level spectrum. Using preliminary [22] and published [17] results, we found combinations of the masses that appear to vary slowly with the explicit chiral symmetry breaking and N f . If confirmed by new numerical calculations at different masses and N f , this would imply that the axial anomaly term plays a leading role in the mass spectrum and is essential to get a light σ. The measurement of M 2 η is a crucial ingredient to locate the boundary of the conformal window.
The ratios in Figs. 1 and 2 suggest to look for approximately N f -independent relationships. It is expected [10] that for m f large enough, the fermions decouple and the low energy theory is confining. Consequently, it is plausible that the massive theories at different N f have effective theories that can be smoothly connected. However, if N f = 12 and N f = 8 are on opposite sides of the conformal window, the massless limit of their effective theory should reveal important differences. Investigating the massless limit of N f = 12 within the framework proposed here should be quite interesting. Larger masses should also be investigated. If R σ stays approximately flat when m f increases, one would expect that the σ remains the lightest state. On the lattice, at sufficiently large mass and coupling, the line of first order transition has an end point where one expects a second order phase transition and a light scalar in its vicinity [40] [41] [42] . If this is a lattice artifact or something that could have a counterpart in the continuum is an open question that is worth investigating.
